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Abstract. We prove that the multidimensional Schrodinger equation is exactly 
controllable in infinite time near any point which is a finite linear combination of 
eigenfunctions of the Schrodinger operator. We prove that, generically with respect 
to the potential, the linearized system is controllable in infinite time. Applying the 
inverse mapping theorem, we prove the controllability of the nonlinear system. 
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1 Introduction 

This paper is concerned with the problem of controllability for the following 
Schrodinger equation 

iz = -Az + V(x)z + u(t)Q(x)z, x G D, (1.1) 
z\od = 0, (1.2) 
z(0,x) = z (x), (1.3) 

where D C K d , d > 1 is a rectangle, V,Q E C°°(D, K) are given functions, u is 
the control, and z is the state. We prove that ()l.ip - (|1.3[) is exactly controllable in 
infinite time near any point which is a finite linear combination of eigenfunctions 
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of the Schrodinger operator, extending the results of [24] to the multidimensional 
case. 

Recall that in the papers [5J IH1 [XO] it is proved that the ID Schrodinger equa- 
tion is exactly controllable in finite time in a neighborhood of any finite linear 
combination of eigenfunctions of Laplacian. In jT21 ESI IXS] j approximate control- 
lability in L 2 is proved for multidimensional Schrodinger equation, gencrically 
with respect to functions V, Q and domain D. In [20l [111 [231 [22j [2Tj , stabiliza- 
tion results and approximate controllability properties are proved. In particular, 
combination of the results of [23] with the above mentioned local exact control- 
lability properties gives global exact controllability in finite time for ID case in 
the spaces H 3+e , e > 0. See also papers g3 H3 H H 111 El] for controllability of 
finite-dimensional systems and papers [TBI HZ1 EH [HI US] for controllability 
properties of various Schrodinger systems. 

The linearization of (|l.ll) - (|1.3|) around the trajectory e~ k ' yt ek,v with u = 
and zq = &k,V (&k,V is an eigenfunction of the Schrodinger operator —A + V 
corresponding to some eigenvalue A k ,v) is of the form 

iz = -Az + V{x)z + u(t)Q(x)e^ Xk - vt e k , v , x G D, (1.4) 
z\od = 0, (1.5) 
z(0,x) = 0. (1.6) 

Writing this in the Duhamel form 

f T 

z(T) = -i S{T- S )[u{s)Qe-^ vS e k . v }ds, (1.7) 
Jo 

where S(t) = e lt (&- v ) is the free evolution, we see that (|1.4|) - (|1.6[) is equivalent 
to the following moment problem for d mk '■= jrr — ~~~ e m v) 



fcS u(s)ds, to > 1, u mk = A m v - Aft ,v- (1.8) 



It is well known that a gap condition for the frequencies ui mk is necessary for 
the solvability of this moment problem when T < +oo (e.g., sec 30 ). The 
asymptotic formula for the eigenvalues X m ,v ~ Cdm~i implies that there is no 
gap in the case d > 3 (when d = 2, existence of a domain for which there is a 
gap between the eigenvalues is an open problem). Moreover, it follows from [4] 
that there is a linear dependence between the exponentials: there is a non-zero 
{c m } G I 2 such that c m e lUmkS = for t G [0, T]. Hence (TO}-(rr6]) is non- 

controllable in finite time T < +oo. The situation is different when T = +oo. 
Indeed, by Lemma 3.10 in [22], the exponentials are independent on [0,+oo), 
and moreover, (|1.4[) - (|1.6p is controllable, by Theorem 2.6 in [23]. In [24], we used 
the controllability of linearized system (|1.4p - (|1.6p to prove the controllability of 
nonlinear system only in the case d = 1. In the multidimensional case, we were 
able to prove the controllability of (| 1 .4[) - (| 1 .6[) in a more regular Sobolev space 
than the one where nonlinear system (|l.l[l - (jl.3|l is well posed. We do not know 
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if this difficulty of loss of regularity can be treated using the Nash-Moser inverse 
function theorem in the spirit of [6]. More precisely, in the multidimensional 
case, it is very difficult to prove that the inverse of the linearization satisfies 
the estimates in the Nash-Moser theorem. In this paper, we find a space H. 
(sec (jl.lip for the definition), where the nonlinear problem is well posed and 
the linearized problem is controllable. Applying the inverse inverse function 
theorem in the space H, we get controllability for (|l.l|) - (|1.3| l. Let us notice that 
H is a sufficiently large space of functions, it contains the Sobolev space H 3d . 
Thus, in particular, we prove controllability in H 3d . The result of this paper 
is optimal in the sense that it seems that the multidimensional Schrodingcr 
equation (|1.1|) - (|1.3|) is not exactly controllable in finite time. 

Acknowledgments. The authors would like to thank J.-P Puel for provid- 
ing them in privat communication |27j some results about regularity questions 
for the Schrodingcr equation. 



Notation 

In this paper, we use the following notation. Let us define the Banach spaces 

+00 

f 2 := {{a,} £ C°° : \\{ aj }\\% = £ Kf < +00}, 

3=1 

^0 := {{%} G & ■ 01 G »}, 

r ■= {{ aj } G C°° : IKo,-}!/- =sup|o,-| < +00}, 

J>1 

*o° :={{%} G^°°: .lim a 3 = 0}, 

^ := {{%} G : ai e M}. 

We denote by i? s := H S (D) the Sobolev space of order s > 0. Consider the 
Schrodinger operator -A + V, V £ C°°(D,R) with D(-A + V) := H% n i? 2 . 
Let {Aj^y} and {ej,v} be the sets of eigenvalues and normalized eigenfunctions 
of this operator. Let (•,•) and |j • || be the scalar product and the norm in 
the space L 2 . Define the space Hfy. := D((— A + V)i) endowed with the 

norm || • || s ,v = || (-, e i,v)|U 2 - When D is the rectangle (0, l) d and 
V(xi,...,x d ) = Vi(xi) + ... + V d (x d ), V k £ C°°([0, 1],M), the eigenvalues and 
eigenfunctions of — A + V on D are of the form 

Aji,...,j d ,v = ^ii.Vi + ■ • • + A, d ,y d , (1.9) 
ej u ...,j d ,v(xi,.. .,Xd) = ej llVl (xi) ■ ... • e, d ,y d (x d ), (aci, . ..,x<i) £ D, (1.10) 

where {Aj.Vfc} and {ejy k } are the eigenvalues and eigenfunctions of operator 
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^ + Vk on (0, 1). Define the spaces 



H = {z G L 2 : (j? 



INk:=||(ji--"-id)<*.eji,...jd,v)||<- <+oo}, (1.11) 



V = {z G L 2 



l*l|v := E (J? 



■3d)\{*,eii,..j*,v)\<+°°}- (1-12) 



The eigenvalues and eigenfunctions of Dirichlet Laplacian on the interval (0, 1) 
arc \k,o — k 2 n 2 and e^fiix) = \/2 sin(/c7rx), x G (0, 1). It is well known that for 
any V G L 2 ([0,1],R) 



A feiV = fcV + / V(x)dx + r k , 



C 

\c-ky — efc,o || i°=' < ~r, 



de 



k,V 



defcn 



d.r 



dx 



(1.13) 
(1.14) 
(1.15) 



where X)fc=i r fc < +°° ( e -g-: see US)- For a Banach space X, we shall denote 
by Bx{a,r) the open ball of radius r > centered at a G X. The integer part 
of x G R is denoted by [x] . We denote by C a constant whose value may change 
from line to line. 



2 Main results 

2.1 Well-posedness of Schrodinger equation 

We assume that V(xi, . . . ,x d ) = V\(x\) + . . . + Vd{xd),xu G [0, 1] and Vk G 
C°°([0, 1],R), fc = 1, . . .,d. Let us consider the following Schrodinger equation 

iz = -Az + V(x)z + u(t)Q(x)z + v(t)Q(x)y, (2.1) 
z\ 9 d = 0, (2.2) 
z(0,x) = z (x). (2.3) 

The following lemma shows the well-posedness of this system in H 2 V ^ . 

Lemma 2.1. For any z G H 2 v y u,v G Lj oc ([0, oo), R) anrfy G i 1 ([0, oo), Hfy)) 
problem has a unique solution z G C([0, oo), H 2 V ^). Furthermore, if 

v = 0. i/ien /or all t > we have 

||*(i)|| = ||«)||. (2.4) 

See [12] for the proof. In [10] it is proved that this problem is well posed in 
H?y, for d — 1 , and in [27] the well-posedness in H? v -. is proved for d > 1 . 
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For any integer I > 3, let m = m(l) := [^y-] and define the space 

d k u 

C™ := {u G C™([0,oo),]R) : _(0) = 0,fc G [0,m]} 

endowed with the norm of C m ([0, oo), R). The following lemma shows that 
problem (|2.ip - (|2.3p is well posed in higher Sobolev spaces when u, v and y are 
more regular. 

Lemma 2.2. For any integer I > 3, any zo G ^-\v)' an V V ([0, oo), H^ v ^) 

and any u, v € C™ i/ie solution z in Lemma \2J\ belongs to the space C([0, oo), Jf z )n 
C 1 ([0, oo), H l ~ 2 ). Moreover, there is a constant C > smc/i t/iai 

IK*)IU< + IMIw"».i([o,t],fff v) ) <C(IMkv + ||^||c m ||y||w"..i([o,t],ff ( 2 v) )) 

x e c (ll«H^ +1 ) t . (2.5) 

See Appendix of [5] for the proof. 

Lemma 2.3. Denote byUt{-, •) : ^(y) x ^j oc 0^+! ^fv) ^ e resolving oper- 
ator of (1.1]) , (1.3\) . Then Ut(-, •) is locally Lipschitz continuous: there is C > 

^(zb.uJ-^^.uOHtf <C(INo-4ll/,v + ll"-^llc -||^lb,v)e C(Wlc o m+1)t . 

(2.6) 

Proof. Notice that z(t) := Ut(zo,u) — Ut(z' ,u') is a solution of problem 

iz = -Az + V(x)z + u{t)Q{x)z + (u(t) - v! ' (t))Q{x)U t {z' Q , it'), 
z\dD = 0, 
z(0,x) = z (x) - z' (x). 

Applying Lemma [521 we get 

\\z(t)\\ H , < C(\\z - z'ohv + \\u u'\\cr\\UM, «')ll^.i([o,t],if ( V ) ))e C(l|u|lc o m+1)t , 

(2.7) 

\M4,u')\\ Wm , Hl0tt]tH!v)) < C\\z' \\ iy e c ^°r +1 ». (2.8) 

Replacing (JHHJ into ([27f]l . we get pU]) . □ 
Let us rewrite (|1.1|) - (|1.3|) in the Duhamcl form 

z(t) = S(t)z -i [ S(t- s)[u{s)Qz{s)}ds, (2.9) 
Jo 

where S(t) = e lt (. A ~ v ) is the free evolution. Let us take any w € i 1 (R + ,M) and 
estimate the following integral 

G t {z) := f S(-s)[w(s)Qz(s)]ds. 
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We take controls from the weighted space space 

G :={ue L 1 (R+,M) : u(-)e B - E L 1 (M+, 

endowed with the norm = ||M(-)e B '||£i, where the constant B > will be 
chosen later. For B > C + 1, where C is the constant in Lemma \2.2l we have 
the following result. 

Proposition 2.4. Let us take any I > Ad, zq £ Hl v yW £ Q and u 6 C™, 
and let z(t) Ut(zQ,u). Then there are constants <5, C > such that for any 
u G -Bey 1 (0, S) and for any t > s > 

\\G t {z) - G s (z)\\ n < C f \\z(t)\\ h i\w(t)\At, (2.10) 

J s 

and the following integral converges in H 

r+oc 

Goo(z) := / S(-T)[w(r)Qz(T)}dT. (2.11) 



Proof. Using (|2.5f) with v = 0, the definition of G, and choosing S > sufficiently 
small, we see that 

||z(r)|| ff i|w;(r)|dr < +oo. 

Combining this with (|2.10[) . we prove the convergence of the integral in p. lip . 
Let us prove (|2.10l) . To simplify the notation, let us suppose that d = 2; the 
proof of the general case is similar. Let V(x±, x-z) = Vi(a;i) + V2(a;2). Integration 
by parts gives 



(Qz(s),e juVl e j2iV2 ) =y— ((-— + Vi)(Qz),e juVl e h ,v 2 ) 



Xj 1 ,v 1 u dx\ 
1 d 2 d 2 

1 f 1 d 2 _ N , d 



1 / d 2 

+ T2 ((^i(-tt^ + ^i)(Qz),e Jl! v 1 e j2 ,y 2 ) 

A Ji,Vi v ox i 



Let us estimate Ij. Since -j^z{Qz{s)) = for all x\ g [0, 1] and for X2 — and 



G 



x% = 1, integration by parts in xi implies 



i^(-^ + y2 H^^]^: e ^^: e ^U=olxi=o 



^'l.Vi^a.Va JO " x 2 



lxi=0 



1 r d . d z , r ,f d z ,\ d , d ,xi=i 

=:/,,! +^,2+^,3. (2.12) 
Let us consider the term Tj.i: 



7 JM = (T2^T2- ("ft? + ^(&?^) C0S C? l7nEl ) COs(j2TTX 2 ) 

jl,Vi J21V2 2 1 

Using (|1.13j) . fj!.15|) and the Sobolev embedding ff s ^ L°°, s > f , we get 
sup jlilf e< x ^+^>w{T)I jt idr < (7 f \\z(t)\\ h i \w(r)\d T 

The Riemann-Lebesgue theorem and (| 1 . 1 5[) imply that 

f e *(^i.v 1 +Ai 2 .v 3 )T u; ^j. )idr ^. as j 1+ j 2 ^ + 00 . 

J s 



X2 — 1 I xi = l 



J1J2 



Thus 



The terms Ij2,Ij3 and Jj are treated exactly in the same way. We omit the 
details. Thus we get that 

||G t (z) - G a (z)\\ n = || /' S(-r)[w(T)Qz(r)}dT\\ n < C [ \\z(r)\\ H , \w(r)\dr. 



□ 

Let T n —> + 00 be a sequence such that e~ lXv - jTn — >1 as n— >oo for any j > 1 
(e.g., see Lemma 2.1 in [Ml). Then 

S(T„),z->-z as n-» + 00 in H for any zeH and t > 0. (2.13) 



7 



Indeed, since 

+00 

S(<> = 5>- 4A ^*(z, ej -v)e,,y, (2.14) 
3=1 

we have 

\\S(T n )z -z\\ H < sup (j? • . . . • ii)|e- a » - l\\{z,e ju ... tjd<v )\ 



+ 2 sup O'l •••••j1)K«,e jl ,...j (ll v>| < - + -=e 

V id ,v>N 2 ^ 

for sufficiently large integers N,n> 1. 

Let us take t = T n in (|2.9|) and pass to the limit n— s-oo. Using Proposi- 
tion H2Q the embedding ijL } H and p7T5j) . we obtain the following result. 

Lemma 2.5. Let us take any I > Ad and zq £ -^vyv There is a constant S > 
such that for any u S Be™ (0, 6) CiG the following limit exists in H 

lim Ut„(z ,u) =: Uoo(z ,u). (2.15) 

n— >+oo 

2.2 Exact controllability in infinite time 

Let / > Ad be the integer in Proposition 12.41 Take any integer s > I and let 

i^(R+,R) := {u e i/ s (M+,R) : u (fc) (0) = 0, fc = 0, . . . , s - 1}. 

The set of admissible controls is the Banach space 

T := ^niJo(R+,R) (2.16) 

endowed with the norm ||u||^ := + ||ii||# s - Equality (|2.4[) implies that 

it suffices to consider the controllability properties of (jl.lj) . (|1.2[) on the unit 
sphere S in i 2 . 

We prove the controllability of (jl.ip , (|1.2p under below condition. 

Condition 2.6. Suppose that the functions V, Q G C°°(D,R) are smc/j i/iai 

ft* inf p I ,j I ,...,Pdjd>i l(Piii ' ■•• •Pdjd) 3 Qpil>0,Qpj:=(Qe Pli ... i p £ii -i/,ej li ... j£! ,i/), 

(nj Xi.v — Xj,v 7^ ^p,V ~~ ^q,V f or a ll hjiPiQ > 1 such that {i,j} 7^ {p, q} and 
i + 3- 

See [24] and [26l [23l [18] for the proof of genericity of (i) and (ii) , respectively. 
Let us set 

£ := spanje^y}. (2-17) 
Below theorem is the main result of this paper. 



Theorem 2.7. Under Condition ] 2. 6\ for any z G S(l£ there is a > such that 
problem \1.2\) is exactly controllable in infinite time in S H Bu(z , o~) , i.e., 

for any z\ G S n Bu(z, a) there is a control u G T such that limit &2.15\) exists 
in % and z\ = Uoo(z, u). 

See Section lXBI for the proof. Since the space -ff( 3 y) is continuously embedded 
into T-L, we obtain 

Theorem 2.8. Under Condition \2.6l for any z E S P\ £ there is a > such 
that for any zi £ 5fl B H 3d^ (z, a) there is a control u G J- such that limit Ii2.15\) 

exists in T-L and z\ = Woo(z, u). 

Remark 2.9. As in the case d = 1 (see Theorems 3.7 and 3.8 in [21]) here also one 
can prove controllability in higher Sobolev spaces with more regular controls, 
and a global controllability property using a compactness argument. 



3 Proof of Theorem 12^1 

3.1 Controllability of linearized system 

In this section, we study the controllability of the linearization of (jl.2p 
around the trajectory Ut(z,0), z £ S D £: 

iz = -Az + V(x)z + u(t)Q(x)U t (z, 0), (3.1) 
z\ dD =0, (3.2) 
z{0,x) = z . (3.3) 

The controllability in infinite time of this system is proved in [24], Section 2. 
For the proof of Theorem l2.8l we need to show controllability of (|3.ip - (|3.3ll in H 
which is larger than the space considered in [24] . Hence a generalization of the 
arguments of [24] is needed. 

Let S be the unit sphere in L 2 . For y £ S, let T y be the tangent space to S 
at y e S: 

T y = {zeL 2 : Re{z,y) = 0}. 
By Lemma EHl for any z G H' 2 V) and u G L i 1 oc (R + ,M), problem (j3TTl) - (j3T3"]) has 
a unique solution z G C(R+, H 2 V ^). Let 

fi t ( v ):i? ( V)Xl 1 ([0 1 t],R)^4 ) , 
(z Q ,u) -> z(t) 

be the resolving operator. Then Rt(za, u) G T Ut ^_ - ) for any zo G Tz n H? v s and 
t > 0. Indeed, 

^-Re(R tl Ut) = Re{Rt,U t ) +Re(R t ,U t ) 
at 

= Re(i(A - V)R t - iu(t)Q(x)U t ,U t ) + Rc(R t , i(A - V)U t ) 
= Re(i(A - V)R tl Ut) + Re{R t ,i(A - V)U t ) = 0. 
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Since Rc(R ,U ) = Re(z 0} z) = 0, we get R t (z ,u) £ T Ut (2,o). 

As (|3.1|) - (|3.3[) is a linear control problem, the controllability of system with 
zq = is equivalent to that with any zq £ T%, Henceforth, we take z$ = in 
Let us rewrite this problem in the Duhamel form 



z(t) = -i S(t- s)u{s)Q(x)U s (z, 0)ds 



(3.4) 



Let T n — >oo be the sequence defined in Section I27L1 For any u £ J- the following 
limit exists in W 



Roo{0,u) := lim z(T n ) = lim Rx n (0,u). 

n— f+oo n— >+oo 



(3.5) 



Using (|2J4|) and ([33}, we obtain 

+ oo ft 

(z(t),e m . v ) =-iV e- 4A ™^*(z, e fc .y)Q mfe / e l ^ fcS M ( S )ds, m > 1, (3.6) 
k=i Jo 

where w mfc = \ m y - ^k,v and Q mk := (Qe m ,v,e k ,v)- Let us take t = T„ in 
(|3.6p and pass to the limit as n — > +oo. The choice of the sequence T n implies 
that 

p +00 

e iaJmfcS u(s)ds. (3.7) 

fc=i 

Moreover, i?oo(0,u) e T 5 . Indeed, using (|3 . 5|) and the convergence Wt„ (-z, 0)— > z 
in we get 



(i? oo (0,u),e m ,y) = -iy^(f, e k ,y)Qmk / 

Jo 



Re^oo^,^),^) = lim Re(R Tn (0,u),U Tn (z,0)} =0. 

n— >oo 

Lemma 3.1. The mapping ^^(O, •) is linear continuous from T to T% H 

Proof. By (2.24) in [23], there is a constant C > such that for any m,j, kj > 1, 
j = 1 , . . . , d we have 



(mi • . . . • m d y 



(Qe kl ,...,k d ,v,e mi ,...,7n d ,v) 



(*i ■ • ■ • • fed) 3 

Then (|3.7[) . (|3 . 8[) and the Schwarz inequality imply that 



< C. 



||-Roo(0,u)||-h = sup |(m x ■ ... ■ m d )(i2o O (0,«),e rni ,... jmd ,v-)| 

mi,...,md>l 



(3.8) 



< C sup 

mi ,...,m,i>l 



+ Cp||v sup 



TO d )(z,e mii ..., mdi y)(Qe m ,v,e m ,v') / u(s)ds 



+ 00 



(mi • . . . • m d y 



(ki ■ . . . ■ k d f 



■(Qek u ...,k d ,V,e mit ..., md ,v) / e'" mfcS u(s)ds 



+ 00 



< C\\z\\ 2 v \\u\\ 2 T < 
where V is defined by (|1.12[) . 



□ 
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Let us introduce the set 

£ :={z G S:3p,q > l,p ^ q,z = c p e p y + c q e q y, 

\c P \ 2 (Qe p y , e p y) ~\c q \ 2 (Qe q y , e q . v ) = 0}. 

Theorem 3.2. Under Condition \2.b\ for any z G S H £ \ £q, the mapping 
Roo(0,-) : T — > T% n H admits a continuous right inverse, where the space 
Tz H % is endowed with the norm of H. If z G S D £q, then ^^(O, •) is not 
invertible. 

Remark 3.3. The invertibility of the mapping i?r(0, •) with finite T > and 
z = e\ is studied by Beauchard et al. [7J. They prove that for space dimension 
d > 3 the mapping is not invertible. By Beauchard [B], Rt is invertible in the 
case d = 1 and z = ei. The case d = 2 is open to our knowledge. 

For any u G denote by u the inverse Fourier transform of the 

function obtained by extending u as zero to W_ : 

u(oj) := / e ius u(s)ds. (3.9) 
Jo 

Proof of Theorem V3JA Let us take any z € Sn£\£ and y G T 2 n "H. There is 
an integer TV > 1 such that (z, e.}-y) = for any k > N + 1. Let us define 

, ._ %i e m ,y)(e fc ,y,z) - i(e k y,y)(z, e m y) | 

&mk ■ — . ^ ~r 

^cmk 



for k < N, where C m fc € C. Notice that 

{y,e rn y)(e ky ,z) 



sup 

m,k>l 



Qink 



<C||i/|| w ||«||«<+oo. 



Repeating the arguments of the proof of Theorem 2.6 in [24], one can show that 
the constants C' m k can be chosen such that 



sup | | < +oo, d mm = du, d mk = d krn for all 1 < m,k < N, 

m,/c>l 

dmk— ^0 as m—>oo for any fixed k > 1, 
and y = i?oo(0, u) holds for any solution u G T of system 
rfmfc = u(uj m k) for all to > 1 and k G 

It remains to use the following proposition, which is proved in next subsection. 

Proposition 3.4. If the strictly increasing sequence uj m G K, m > 1 is such that 
uji = and U) m — > + oo as m— > + oo, £/ie?7, i/iere is a linear continuous operator 
A from £gi to J 7 suc/i i/iai {A(d)(w m )} = d for any d G £q{. 



11 



The proof of the non-invertibility of i?oo(0, •) is a remark by Beauchard and 
Coron [gj (cf. Step 2 of the proof of Theorem 2.6 in [24]). 

□ 

Remark 3.5. The proof of Theorem 13.21 does not work in the multidimensional 
case for a general z £. Indeed, assume that (z,ek„,v) 7^ for some se- 
quence k n — > + 00. Then the well-known asymptotic formula for eigenvalues 
Afc,v ~ Cdk~2 implies that the frequencies w m „j !l ,->0 for some integers m n > 1 
for space dimension d > 3. Thus the moment problem u{uj m k) = d m k cannot be 
solved in the space for a general d m k- Clearly this does not imply 

the non-controllability in infinite time of linearized system. 

3.2 Proof of Proposition ETU 

The proof of Proposition 13.41 is close to that of Proposition 2.9 in [53]. Let 

Q :={u£ L 1 (R+,R) : u 2 (-)e S - G L 1 (K+,M)} 

endowed with the norm \\u\\g = ||it 2 (-)e B '||ii, where the constant B > 2B. 
Then 

f ■= Q n i^(R+,R) 

is a subspacc of T defined by (|2.16|) . Moreover, T is a Hilbcrt space. The 
construction of the operator A is based on the following lemma. 

Lemma 3.6. Under the conditions of Proposition \3Jj\ for any d G £§1 there is 
u e T such that {w(a; m )} = d. 

Proof of Proposition \3.4\ By Lcmma l3.61 the mapping u— >{u(uj m )} is surjective 
linear bounded form Hilbcrt space T onto Banach space Hence it admits a 
linear bounded right inverse A : t^—^F. □ 

Proof of Lemma WlA Let us show that there is a constant M > such that for 
any d £ ^§1, < 1 there is u £ B-p(0, M) satisfying {u(u> m )} = d. 

Let us introduce the functional 

F(u) := \\{u(uj rn )} - djl^oo 

defined on the space J 7 . 

Step 1. First, let us show that for any M > there is uq £ B^(0, M) such 
that 

F(uq) = inf F(u). (3.10) 

uEB f (0,M) 

To this end, let u n £ B^(0,M) be an arbitrary minimizing sequence. Since 
F is reflexive, without loss of generality, we can assume that there is u$ £ 
B-p(0, M) such that u n — ^ uq in F. Using the compactness of the injection 
7J 1 ([0, N})— >C([0, N]) for any N > and a diagonal extraction, we can assume 
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that u n (t)— >Uo(t) uniformly for t G [0,JV]. Again extracting a subsequence, if 
it is necessary, one gets {u n (w m )}— >{uo(u) m )} in £°° as n— > + oo. Indeed, the 
tails on [T, +00), T ^> 1 of the integrals (|3.9|) are small uniformly in n (this 
comes from the boundedncss of u n in Q), and on the finite interval [0,T] the 
convergence is uniform. This implies that 

F(uq) < inf F(u). 

u£B f (0,M) 



Since u G B^(0, M), we have ([330]) . 

Step 2. To complete the proof, we need to show that F(uo) = 0. 
Lemma 3.7. Under the conditions of Proposition \^\ the set 

U := {{u(u) m )} 

is dense in t^. 

Combining this with the Baire lemma, we get that for sufficiently large 
M > 

U:={{&(u m )}:u€Bp(p,M)} 
is dense in B eTo {0, 1). Thus F(u ) = 0. 

□ 

Proof of Lemma \57I\ It is well known that the dual of is ^ ■ Let us suppose 
that h = {h m } G t 1 is such that 

for all «e J. Then replacing in this equality u(iu m ) by its integral representa- 
tion, we get 

+ 00 „+oo f+00 +°° 

0=V/ e iu ™ s u(s)ds~hZ = u(s)( V e^T^W 

m^i^o ./o v m=1 y 

Since 7^ for i ^ j, by Lemma 3.10 in |22| . we have /i m = for any m > 1. 
This proves that U is dense. 

□ 



3.3 Application of the inverse mapping theorem 

The proof is based on the inverse mapping theorem. We project the system onto 
the tangent space and apply the inverse mapping theorem to the following 
mapping 

ti-KPWco^jU), 

where P is the orthogonal projection in L 2 onto Tj, i.e., = z — Re(z, z)z,z G 
L 2 . Notice that P^ 1 : Bt z (0, <$)—»■ 5 is well defined for sufficiently small 5 > 0. 
The following result proves that Uoo is C 1 . 
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Proposition 3.8. For a sufficiently small 5 > the mapping 



U^Uoo(z, u), 



is C . Moreover, dUoo(z,u)v = Roo(u,v), where 



Roo{u, v) := lim R.T n {u,v) inW, 



(3.11) 



and R t is the resolving operator of 



iz = — 



Az + V(x)z + u(t)Q(x)z + v(t)Q(x)U t (z, u), 



(3.12) 
(3.13) 
(3.14) 



z\dD = 0, 
z(0, x) = zq. 



This proposition implies that Uoo £ C 1 (Bjr(Q,5)). By the definition of T n , 
we have lim„_,. +00 Ut„{z, 0) = z. Hence Woo(z,0) = z and £?oo(0) = 0. We have 
d£4o (0)f = -Roo (0, v) , which is invertiblc for z £ in view of Theorem l3.2l Thus 
applying the inverse mapping theorem, we complete the proof of Theorem 12.81 
for z £ . 

In the case z G So the linearized system is not controllable, and is not 
invertible. Controllability near z in finite time and for d = 1 is proved by 
Beauchard and Coron [S] . They show that the linearized system is controllable 
up to codimension one. This implies that the nonlinear system is also con- 
trollable up to codimnsion one. The controllability in the missed directions is 
proved using the intermediate values theorem. In the case d > 1 and T = +oo, 
the proof repeats literally the arguments of [8]. We omit the details. 

Proof of Provosition \3.8[ See [10] for the proof the fact that Ut(z, •) is C 1 when 
T is finite, d = 1 and phase space is H 3 . Let us show that Uoo{z, ■) is diffcr- 
cntiable at any u £ Bf(0, S) for sufficiently small 6 > 0. We need to prove 
that 



||Z4o(z,U + v) -Uryoiz^u) - Roa{u,v)\\ H = o{\\v\\jr). 



(3.15) 



Notice that h = Ut(z,u + v) — Ut(z, u) — Rt(u, v) is a solution of 



ih 



Ah + V(x)h + (u(t) + v(t))Q(x)h + v(t)Q(x)R t {u, v), 



h\dD = 0, 
h(0,x) = 0. 
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Using Proposition ^. 41 and Lemma [221 we get 
\\h(po)\\ H <C / (||Mr)|| ff «KT)+i;(r)| + ||i2 T («,t;)|| H ,Kr)|)dT 



o 



<C I (\\v\\c^\\R-(u,v)\\ wm , H[0>ThH? ) | U (r)+«(r)|e C(ll " + " ll ^+^ 



(V)l 

+ \\R t (u,v)\\ w \v(t)\)At 



r+oa 

< C / (!|,|| 2 c ,„||W.(f, W )|j wm , 1([0 , T] , H(V)) | U (r) +v{T)le O(\\n + ^+\Mo^+2)r 
J 

+ || U || Com ||W.(5, U )|| wm , 1([0 , r])if?v)) b(T)|e C( ^ llc o"'+ 1 )-)dr 
<C|Hl3r, 

for any w € Bj?(0, e), sufficiently small e > 0, and for sufficiently large S > in 
the definition of Q. 

It remains to prove that R^u, •) is continuous in Bj?(0,6). For g := 
Rt{ui,v) — Rt(ii2,v) wc have 

ig = -Ag + V(x)g + Ul {t)Q{x)g + (m(t) - u 2 (t))Q(a?) J R t (u aj «) 
+ v(t)Q(x)(U t (z, mi) - W t (z, u 2 )), 
fflac = 0, 
g(0,x) = 0. 

By Proposition [ 



/■+oo 

||$(oo)||w < C / (|| 5 (r)|| H .|«i(r)| + ||i2 r (« 2j «)|| H .|ui(T)-«2(r)| 
Jo 

+ \\U T {S,u 1 )-U T (S,u 2 ))\\w\v{T)\)dT =: h + / 2 + la- 
Lemmas 12.21 and 12.31 imply 



h<C (|| J R.(u2,M)|| M "" 1 i([o,r],ff ( v ) )ll u i( r ) - u 2 (t)\\cs> 
+ \\U(z i u 1 )-U(z,u 2 )))\\ wm .i M 



<C||«i-« 3 | 



The terms are treated in a similar way. Thus we get the continuity of 

Roo(u, •). 

□ 
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